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Introduction 



This note is a sequel to [GII] . Its aim is to " switch on an exterior vector bundle" 
into the framework of op. cit. 

Let X be a smooth scheme over a fixed ground ring k containing 1/2 and E be 
a vector bundle (i.e. a locally free Ox-module) of finite rank over X. Consider 
the exterior algebra AE — A l E (over Ox)', this is a sheaf of commutative 

superalgebras over X , where by definition Ox is purely even and the parity of a 
component A l E is equal to the parity of i. 

In this note we study the chiral counterparts of the sheaf T>ae of superalgebras 
of differential operators acting on AE. Similarly to op. cit., these chiral sheaves 
of differential operators on AE exist locally and are by no means unique; the cor- 
responding categories form a champ en groupoids Dae over X , called the gerbe of 
chiral differential operators on AE. 



Our first main result (see Theorem 5.9) says that the characteristic class c(2)ab) 
lies in the second hypercohomology group H 2 (X; il^' 3 ^) (i- e - m ^ ne same group 
where c(T)x) lies) and is equal to 

c(V AE ) = c(Q x/k ) - c(E) = c(a x/k ) - c(E) (0.1) 

where c(E) is the "Atiyah-Chern-Simons" class defined in [GII], 7.6. Here &x/k 
is the tangent bundle. Recall that fl x ' denotes the length 1 complex of sheaves 
^x/k — * 0^ J fc ose<1 , with £l x /k living in degree 0. 

As usually, we obtain in fact a stronger statement, namely the equality (0.1) "on 
the level of cocycles". As a corollary of this, we conclude that for E = <dx/k or 
E = ^x/k our g er t> es admit a canonical global section. In other words, there exist 
canonically defined the sheaves of chiral do T^ c \q x and Vfp . 

Section 6 is devoted to the study of the last sheaf, which is nothing but (the 
underlying sheaf of) chiral de Rham complex from [MSV]. We obtain the trans- 
formation laws of 4 local generators of N — 2 supersymmetry Q, J, G and L, see 
Theorem 6.25. In particular, the component Qo of the field Q(z) is a globally de- 
fined square zero derivation of X>q. , which is the chiral de Rham differential from 
op. cit. 

This completes an alternative construction of the chiral de Rham complex sketched 
in Section 6 of [MSV]. Its difference from the original construction is that it does 
not use Wick theorem and the arguments of " formal geometry" . 
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In the last section we show that as a simple consequence of the Poincare-Birkhoff- 
Witt theorem for Vfp and the Lefschctz fixed point theorem one gets a " moonshine 
style" formula, cf. Theorem 7.9. 

The work was done while V.S. visited IHES. He is grateful to the Institute for 
the excellent working atmosphere. 

§1. Preliminaries 



1.1. We keep the assumptions of [Gil]. We assume that the ground ring k con- 
tains 1/2. For a /c-supermodule M, we denote by M ev (resp. M odd ) the submodule 
of even (resp. odd) elements, so that M — M ev © M odd . For a homogeneous ele- 
ment a E M, we denote by p(a) E Z/2Z its parity. When we speak about graded 
fc-supermodules M = ©»gj M, we imply that the /-grading is compatible with the 
parity, i.e. M x = ©, Mf where Mf = M x nMj, x = ev or odd. 

Let A be a commutative fc-superalgebra. A Lie super algebroid over A is a Lie su- 
peralgebra over k equipped with a structure of an ^4-module, such that the identities 
[Gil] (0.2.1) and (0.2.2) hold true. 

1.2. A 7i>Q-graded vertex superalgebra (over k) is a Z>o-graded fc-supermodulc 
V = ©i>o Vi equipped with a distinguished even vector 1 E Vb (vacuum vector) 
and a family of bilinear operations 

(n) : V x V — > V, n E Z, 

such that 

P(a(n)b) =p(a)+p(b); V i{n) Vj C K i+j _„_i (1-2.1) 
The following properties must hold: 

l(n)0 = <$n.-l a ; tt(n)l = f° r n > 0, = « (1-2-2) 

and 

E ( )( a (n+j)b)(m+l-j)C = 
3=0 W 7 

OO y v 

= E t- 1 ) 1 ' ,• HWjIW - (-l) n+p(a)p(h) &( n+i -,)a( m+J ) C } (1-2-3) 
for all m,n,l E Z. A particular case of (1.2.3) corresponding to m = 0: 

(a (n) 6) (J)C = £ (-1) J (") {a^W - (-l)" + ^ b »6 (n+J _ j)ao)C } (1.2.4) 

Setting n = I = — 1 we get 

oo 

(«(-i) & )(-D c = E + (-l) p(a)p( " )& (-2-,)«0)c} (1-2.5) 

j=0 
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In the sequel we shall work only with Z>o-graded vertex supcralgebras, and call 
them simply vertex superalgebras. This Z> -grading will be called the grading by 
conformal weight. 

1.3. Let V be a vertex superalgebra. The even operators : V — ► V 
of degree j (j G Z>o) arc defined in the same manner as in [Gil], (0.5.5), and 
they satisfy [Gil], (0.5.7), (0.5.8), (0.5.10) and (0.5.11). The " supercommutativity" 
formula reads as 

a [n) b = (_l)«+ P («M6)+i£ ( _i)^0) (6(n+ . )a) (1.3.1) 

j>0 

and we have the usual OPE formula 

[fl(m)>fr(n)] = ( . ) ( a (j) b )(m+n-j) (1.3.2) 

j>0 

where in the left hand side stands the supercommutator 

[a (ro) , 6 (n) ] := a (rn) 6 (n) - (-l) p(a)p(b) 6 ( „)a (m ) (1.3.3) 



§2. Vertex Superalgebroids 



2.1. An extended Lie superalgebroid (over A) is a quintuple T = (A, T, f2, 9, (, }) 
where T is a Lie superalgebroid over A, Q, is an A-modulc equipped with a structure 
of a module over the Lie superalgebra T, d : A — ► O an even A-derivation and a 
morphism of T-modulcs, (, ) : TxSl — > ^4 is an even ^4-bilinear pairing. 

The following identities must be true (a G A, r, v G T,u G Q): 



(T,da)=T(a) (2.1.1) 

r(aw) - t(o)w + (-l) p(r)p(a) ar(o)) (2.1.2) 

(ar)(w) = ar(uj) + (r,uj)da (2.1.3) 

r«i/,a;» = ([t,u],w) + (-lf'^^^H) (2.1.4) 



For example to a Lie superalgebroid T one associates canonically an extended 
superalgebroid with = Hoi7ia{T, A), as in [Gil], 1.2. 

2.2. De Rham - Chevalley complex. Let T = (A, T, ft, . . . ) be an extended 
Lie A-superalgebroid. Let us define A- modules = f2 4 (T), i G Z> , as follows. 
Set f2° = A, il 1 = f2. For i > 2, is the submodule of the module of ^4-polylinear 
homomorphisms h from T 1 ^ 1 to f2 such that the function (n, /i(t2, . . . , r,)) is skew 
symmetric (in the graded sense) with respect to all permutations of (n, . . . , Tj). 

For example, if T is associated with a Lie superalgebroid T as above then Q l — 
Hom A {k l A T,A). 
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Let us define the even maps d^R = d l DR : £T — > D, t+1 as follows. For i = 0wc 
set doRd = —da. For j>lwe set 

d DR h( n ,... ,Ti) = d Lie h(n,... ^-{-if^^d^h^,... ,Ti)) (2.2.1) 

where 

i 

d Lie h(r u ... ,n) = J2 (-i) J+1+p( ^ )(p(Tl)+ - +p(T - l)) T J (fc(r 1 ,... ,n))+ 

_|_ (_^J+i+p(T 3 )(p(ri) + ...+p(r : ,_i))+p(r 1 )(p(Ti) + ...+p(T 3 ) + ...+p(r 1 _i)) x 

i<j<;<j 

x/i([r J ,r / ],Ti, ... ,rj, . . . . ,Ti) (2.2.2) 

For example, 

d DR u{r) = (-l)P(-)P( T ){r(w) - a(T,w)}, (2.2.3) 

for w G SI 1 = 0; and 

<Wi(n,r 2 ) - -Mtn.-nj]) + (-IJpWp^Vi^))- 
_(_ 1 )P(r 2 )(p(/ l )+p(r 1 ) T2 ^ (ri)) _ (_i)PWKn) a ( Tl)/l ( T2 )) ; (2.2.4) 
for /i G ft 2 . 

Let us introduce the action of the Lie algebra T on the modules by 
r(h)(n, . . . ,t,_i) = T(h(n, . . . ,Tj_i))- 

i-1 

-E (-l) p(r)(p(Tl)+ - +p(r - l)) Mn,... ,[r,r,-],... ,rO (2.2.5) 

Let us define the convolution operators (r, •) : £T — > £T _1 by 

(r,ft)(n,... ,r i _ 2 ) = (-ir^^h(T,T 1 ,... , n _ 2 ) (2.2.6) 

The maps {d^> fl } may be characterized as a unique collection of maps such that 
dP DR = —d and the Cartan formula 

r{h) = (t, d DR h) + d DR (T, h) (2.2.7) 

holds true. 

The maps dun commute with the action of T. One checks that d 2 DR = 0, so we 
get a complex (£l'(T),dD R ) called the de Rham-Chev alley complex of T. 

2.3. A vertex superalgebroid is a septuple A = (A, T, Q,d, 7, ( , ),c) where ^4 
is a supercommutative fc-algebra, T is a Lie superalgebroid over A, ft is an A- 
module equipped with an action of the Lie superalgebra T, d : A — ► ft is an even 
derivation commuting with the T-action, 

( , ) : (T © ft) x (T © 0) — ► A 
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is a supersymmetric even fc-bilinear pairing equal to zero on £1 x and such that 
Ta = (A T, Q, d, ( , )\txq) is an extended Lie superalgebroid over A; c : TxT — ► 
ft is a skew supersymmetric even fc-bilinear pairing and 7 : AxT — > ft is an even 
fc-bilinear map. 

The following axioms must hold (a, b e A; t,t, eT): 
7(a, 6t) = 7(016, r) — 07(6, t) — 

-(-l)P( T )(P( a )+P( b )) T (a)<% _ (_]_)P(<»)p(6)+P(T)p(<»)+P(T)p(6) 7 .^\g a 

(an, 75) = a(n,r 2 } + ( 7 (a,n),r 2 ) - (-D^'W^+^^nT^) (A2) 
c(ari,T 2 ) = ac(n,T 2 ) +7(0, [n,T 2 ])- 

_(-l)P(^)(P(Ti)4*(«)) 7 ( 75 ( a ) )Tl ) + (_l)P(^)(p(Ti)+P(o)) 75 ( 7 ( airi ))_ 
_(_ 1 )p(a)(p(ri)+p(r 2 ))l^ Ti)T2 ^ a+ (_ 1 ^(a)( P (r 1 )+p(r 2 ))l ariT2 ( a )_ 

_(_l)p(r 2 )(p(a)+ P (r 1 )) 1 ^ 7 ^ ffli n ^ (A3) 

an,T 2 ],r3) + (-l)^^<T 2 ,[T 1 ,T 3 ])=T 1 ((r 2 ,T3))- 
_ ( _ 1) p(r 1 )p(r 2 )l T2((TijT3)) _ ( _ 1)P (r 3 )(p(r 1 )+p(r 2 ))l T3((TijT2)) + 

+(-l) p(Tl)p(T2) (T 2 ,c(n,r 3 )) + (-ir^)W Tl ) +p ( T2 »(r 3 ,c(n,r 2 )} (A4) 
^ec(n,T 2 ,r3) - -^{([n,r 2 ],T 3 ) + (-i) p(T2)p(r3) ([n,r 3 ],r 2 }- 
-(-l)P(")(f(«)+P^))([r 2) r 3 ],T 1 > - ri«r 2 ,T 3 )) + (-l) p(Tl)p(r2) r 2 ((n, r 3 >)- 

_(_ 1 )p(r3)(p(r 1 )+p(r 2 )) 2<T35 c ( Tl)T2 )}} (^5) 

where due is defined by (2.2.2). 

2.4. All the constructions of [Gil] generalize to the Z/(2)-graded case in an 
obvious manner. 

S3. Some formulas 



3.1. Let A be a smooth fc-algebra of relative dimension n, such that the A- 
module T = Derk(A) is free and admits a base {f»} consisting of commuting vector 
fields. Let E be a free A-module of rank m, with a base {</> Q }. We shall call the 
set q — {ff, (t>a\ C A © E a /rome of (A, £7). 

Consider a commutative A-superalgebra AE = ©™ A^(£?) where the parity of 
A\{E) is equal to the parity of i. Each frame g as above gives rise to a AiJ-base 
V'a} °f the Lie superalgebroid Tab = Derk(AE), defined as follows. We extend 
the fields n to derivations tj of the whole superalgebra A£ by the rule 



Ti(a)=Ti(a); n(y] a a <p a ) = ^ T;(a Q )0 Q 



(3.1.1) 
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(Note that this extension depends on a choice of a base {4> a } of the module E.) 
The fields {rj} form a Ai?-base of the even part Tf^ E . 

We define the odd vector fields ip a G T£f by 

ipa(^2 = a "5 ^"( a ) = (3.1.2) 

These fields form a AS-base of T° K f. 

Let {iOi\ p a } be the dual base of the module of 1-superforms VIae — Hom A v E (TAE,h-E), 
defined by 

(n,ujj) = % (V>a,P/3) = <W; (n, p a ) = (ip a , Wi) = (3.1.3) 

3.2. Let us describe the effect of a change of frame. Let q 1 = {f-; <p' a } be another 
frame, with f[ = gVff, 4>' a = A^fa g = G GL n (A), A = (A a P) G GL m (A). 

The corresponding new bases r/, etc. look as follows. 

< = 9 ip r p + g ia ^^ a (3.2.1) 

where 

giai = g iQ Tg (A- la »)A^ (3.2.2) 

Next, 

€ = A- 1 ^ (3.2.3) 

W < = g-^ Up (3.2.4) 

p' a =T i (A a ^ 7 w i + A a ^p^ (3.2.5) 
Formulas for the inverse transformation: 

T^g-^ri + T^)^ (3.2.6) 

^ - A^VL (3-2.7) 

uj = g p ^' p (3.2.8) 

p^A-^p^+g^^ (3.2.9) 

These formulas show that T is canonically an A-module quotient of T\e and £1 = 
Horn a (T, A) is canonically an A-submodulc of fl\E ■ In fact the whole de Rham 
complex tt' A is canonically the subcomplex of fi As . 

3.3. Recall that 

9 ip r P (9 iq ) = 9 ip r P (9 iq ) (3-3.1) 

9 ip r q r p (g^) = g^r^) (3.3.2) 

and 

r P (g- lgr ) = r q (g- lpr ) (3.3.3) 

see [Gil], 5.4. 



It is easy to see that 

tr{r p (A)r q (A- 1 )}=tr{r g (A)r p (A- 1 )} (3.3.4) 
Using (3.3.1) and (3.3.4) one sees easily that 

9 ip r P (g j n = g jq r q {g ivv ) (3.3.5) 

3.4. Let A = A\E; S be the vertex superalgebroid corresponding to the frame g. 
We have the following identities in A: 
7 -formulas 

j(a,b n ) = - Ti (a)db - n(b)da (3.4.1) 

7(0, fr/vVv) = S^^bda (3.4.2) 

7(0^, &W) = fip»adb (3.4.3) 



(,) -formulas 



(aTi,bTj) = —bTiTj(a) - aTjTi(b) - Ti(b)Tj(a) (3.4.4) 
{a4> a ipp,bTi) = S a ^bT t (a) (3.4.5) 
{a<t> a il)p,<t> a 'ipp') = ab6p a >6p> a (3.4.6) 



c-formulas 



1 1 

c{aTi, bTj) = -^{n{b)dTj(a) - T j (a)dn(b)} + -d{bTiTj(a) - ar^b)} (3.4.7) 

c{a<t> a il>rMffll> v ) = ^j^{adb - bda} (3.4.8) 

c(a<f> a ^,b n ) = -J^d{bn(a)} (3.4.9) 

c{aTi,bip a ) = ciatpaipn, bip„) = (3.4.10) 
3.5. Let g' be another frame as in 3.2. We have 

7(a,r;)=7(a,.gP% + ^^) = 

= -T q (a)dg pq - T q (g pq )da + g p ^da (3.5.1) 

7(a^, V„) = -r(aA^(/> fi ,A- lva ^ v ) = aA^dA^ (3.5.2) 

Next, 
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(3.5.3) 
(3.5.4) 

(3.5.5) 
(3.5.6) 

§4. Chern-Simons term 

This Section is parallel to [Gil], Section 5. 

4.1. We keep the setup of the previous section. Let A — Aae-.s, A 1 = Aae-,b' 
(resp., B = £>ae ;b , B' = Bae-b 1 ) be the vertex superalgebroids (resp. prealgebroids) 
corresponding to our frames. 

As in [Gil], 5.5 we have a canonical isomorphism 

.9 = 9b,b' = (IdAE,Id TAE ,Idn AE ,h) : B' B (4.1.1) 

where 

h = Vb' : t ae — » AE (4.1.2) 

is defined by the condition 

(x',h(y')) = ~(x',y'), x',y'G{rl}u{^ a } (4.1.3) 

Using (3.5.3) and (3.5.4) we find the following explicit formulas for h: 

h(ii) = tiiwj; hW a ) = (4.1.4) 

where fc« = ftjj - ft", 

&n - ^(^) + ir 9 (^)r p (^) 5 -^ (4.1.5) 

cf. [Gil], (5.7.2), and 

h% = rjig'n + ^t^A-^A^t^A-^A^ (4.1.6) 
The meaning of the notation hn will become clear below, see §6. 



= -2g^T q T p (9^)-r p (g^)r q (g^)+ 
+2g ip r P {g jvu ) + g^g^TpiA-^A^T^A-^A^ 

and 

(r/,Va) = (^,^) = 

Finally, 

«Si) = l{r P (g jq )dr g (g ip ) r q {g^)dr p {g^)} + \{g^dg^ - 
and 

C (r;,^) = c(V;,^) = 
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4.2. We have 

A = g*A' + b (4.2.1) 
where the closed 3-form b G ft 3 ^ is defined by 

b(x', y') = c(x', y') - x'(h(y')) + {-If^^y' {h{x% (4.2.2) 

z',y'eK}U{V/},cf. [Gil], (5.7.3). 

It is easy to see that V4(M T i)) = 0; on the other hand we know already that 
h(i/Q = and c(ip' a ,y') = 0. It follows that b G n 3 > cl C fi^f. 

Next, we have 

T/(/i(rj)) - (<?'% + S^VO^'H) = 
(note that the second summand is zero) 

= tf*T p ){h%u> q ) + (g^r p ){h^ q ) = <pT p (h$)w q + hftdg*- 

-<7 <p t p (4>, - 4 P (4.2.3) 
It follows that b = bn — bE where bn, b^ G ^ 3 are given by 

M^) = \{T p (g™)dT q {g^) - r q {g^)dr p {g^)} - 

-g^T p {h^)w q h%dg* + g jp T p (h%)u, q + hfidgiv (4.2.4) 

and 

M^,rj) = -\{g ltw dg^-g^dg^}- 

-^r p (4 9 K + g jp T p {ti«)u q - ftfc^ + (4.2.5) 

The form bo has already been computed in [Gil], Magic Lemma 5.6 and Theorem 
6.4 (b), and is equal to 

Mr;,Tj) = -^{s-V/^-Vj^-yo?) - g-^g-^g-^MH 

(4.2.6) 

cf. loc.cit. (5.5.3) and (6.4.2). Note that bo is closed, hence b# is closed. 



4.3. Magic Lemma. We have 

f> B (^,^) = -^{A- 1 ^(i4)A- 1 ^(A)^-y(A)-^- 1 ^(^- 1 7^(^)i4-V(A)}a;; 

(4.3.1) 



Proof. Let us denote the six terms in (4.2.5) by A, A', B, B' , C and C. We have 
A = -^^(A-^A^Trig^TpiA-^A^Wr = 
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+g^T p {A- 1 ^)T r {A^)uj r } 

Next, 

= -^%(<7 j9 )T r (A-^^%(^~ 17 ^^ 

-^V , r r (A- 1 ^)T p (A^)T,(A- 1 ^)A^w r --^V , r r (A- 1 ^)A^T p r,(A- 1 ^)A w ' 1 
-^VM^V%(^~ l7 > P (^H - g ip T p r r (g^)u r 

Finally, 

C = -^'«T p (A- 1 '" J )A^r,(A- 1 T , ')A''''T I .( ff *)w T . - T r (g ip )T p (g^)u r 

We see that Al = -C1',A2 = -B'2,B1 = -B'l (by (3.4.6)), B2 = -A'2,54 = 
-B'4 and CI = -A'l. Next, 

B6 + C2 = -r r {^%(.g^)}, 

so 56 + C*2 = -B'6 - C'2 by (3.3.5). 

So we are left with three terms: A3, B3 and B5 and their primed partners. It is 
easy to see that 

A3 = B3 = -B5 = -^{A-V/^A-Vj^A-V^K, 

which implies the Lemma. A 

§5. Atiyah term 

This section is parallel to [Gil], Section 6. 

5.1. We keep the setup of the previous section. Let us denote by Tae = 
(AE, T\e, &ae, d) the extended vertex superalgebroid Lie corresponding to our 
data. 

Let g" = {fi',</>„} be a third frame of {A,E), with ft' = g' ij f- , <(>'„ = A' a P(j)' . 
We have the corresponding new bases of Tab and SIae given by 

rl' = 9' ip r p + g' ia ^'^' a (5.1.1) 

where 

g' ia ^ = g' iq T' q (A'- la ^)A'^ (5.1.2) 
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K = A'- 1 ^ (5.1.3) 
J! = g'-^J v (5.1.4) 
& = Ti(A"r>)<f£ r <4 + A ,a % (5.1.5) 

5.2. Let A" = A\e, s " (resp. B" — B\E:,s") be the vertex superalgebroid (resp. 
prealgebroid) corresponding to the third frame. We have canonical isomorphisms 

V,S" 99,9' 

B" B' ^B 

as well as the morphism g s , B " : B" B over Idr AE , given by functions h BtS > , /i g ' lfl " , fr g , B " , 
and we are aiming to compute the discrepancy 



Note that 
(in .4), hence 
therefore 
It follows that 



a — a 8,3',B" : — ^3,8' + V,8" _ ^8,8" G ^AE (5.2.1) 

7(0, &W) = -^{a)db - ^(b)da = (5.2.2) 

h B , a > «) = ah B , gl «) - 7(0, <) = (5.2.3) 

h a ,A^a) = h s , g/ (A'- 1 ^' fl ) = (5.2.4) 

a(C) = (5.2.5) 



5.3. Let us denote for brevity h := h g . g ', hi = h g > tg », h" = h g . g ". 
We have 

h{aT' p ) = ah{T' p ) - j(a, t' p ) = 
= ah pr tu r + T q (a)dg pq + T q (g pq )da - g p ^8a (5.3.1) 

and 

h(acl)'^j' a ) = -aA^dA- ll3a (5.3.2) 

Thus we get 

h(Tn = h(g' i X + 9 Hai <t>W a ) = 
= g Hp h p n r LJ r - g Hp h p E r LO r + T q (g Hp )dg p i + r q (g p ")dg ,ip - 

_ g PW dg >ip _ g H aJAr if3 dA -lf3a ( 5 3 3 ) 

It follows that 

a = an - a E (5.3.4) 

where 

Mr") = g' lp h p n r uj r + T q (g Hp )dg p i + T q (g pq )dg Hp + h^ p u' p - h'^u r (5.3.5) 

and 

MO = 9 Hp h P EUj r + g p ^dg' lp + g' 1 ^ A^ 'dA' 1 ^ + h llp u' p - h!'^u r (5.3.6) 
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The form an has already been computed in [Gil], Section 6. Namely, by Theorem 
6.4 (a) from op. cit., 

*>W ) = \tr{ g >-\>>{ 9 >)T>:{g) g -' - g>-W s >( 9 >)T>>(g)g-iy: (5.3.7) 

5.4. Let us compute Oe(t"). Let us denote the five terms in the rhs of (5.3.6) 
by », 93, £,2) and £. Thus, 

21 = </ ip /^o; r = \g^g^T r {A-^)A^T q {A-^ v )A^w r + g ,ip r r {g pvv )w r (5.4.1) 

93 = g p ^dg' ip = g pq T q {A- lpa )A ap T r {g' ip )uj r (5.4.2) 
£ = cf icr iA'> fl dA- lfla = g lip T l p {A'- la ^)A^'<A' <t) T r {A- ir3a )uo r (5.4.3) 

3 = /ilV, = lg Hs T'(A'- 1 ^)A'^T' s (A'' 1 ^)A'^g- lri uj r + T'(g' l ^)g- lri uj r = 
2 

= i/V r (A / - 1 ^)A'% s V 9 (A'- 1 ^)A'^o; r +r r {5' i V%(^'" 1 ^)^}wr (5.4.4) 
and 

£ = -/i'*w r - -i( 5 ' 5 ) i 9r r ((A / A)- 1 ^)(AM)^r g ((A'A)- 1 ^)(A' J 4)^a; r -r r ( 5 /W ) = 

= -^(g'g) iq { Tr {A- 1 ^)A'- lat) + A-^TriA'-^^A^PA^X 

x{T q (A'^ 5 )A'- 1Su + A- 1 ~< S T q (A'- 1Sl/ )} A' ve A^ur - T r {g" iviJ ) = 
= -^g Hp g pq {T r (A- 1 ^)A^T q (A-^ s )A Sp uj r + T r {A~ 1 ' ia )T q {A'- 1 ' TU )A lvt A e ' 1 u r + 

+r r {A'- laf) )A'P p A^T q (A- ^ H + tv (A'- la P)A' f)p Tq {A 1 - lpv )A lva uj r } - 

-Tr{(g'g) iq T q ((A'A)~ lvft )(A'A)^' / }uj r (5.4.5) 

We see that 211 = —(SI, £ = -2£2, Dl = -£4. It is easy to see that 2l2+£>2+£5 = 
-93. 

Finally, 

£+ £2 = ^tr{A'- 1 Tl'(A')T , r '(A)A- 1 }u'; (5.4.6) 

and 

£3 = ~tr{A'- 1 4'(A')rl'(A)A- 1 }cj'; (5.4.7) 

So, we have proven 

5.5. Lemma. The form a# is given by 

a E (rn = 1 -tr{A'- 1 r l 1 l {A')T:!{A)A- 1 A'" V^'K'^^K (5-5-1) 
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Combining 4.3 and 5.5 we get 

5.6. Theorem, (a) The cocycle a fl , g ', fl " is given by 

<W, B "W) = iHg'-W^gy^gjg- 1 - g'-^\gyng)g- l y;- 
-ltr{A'- ^ rnA'K\A)A- ^ - A'-^'(A')rl'(A)A-'y; (5.6.1) 

(b) The 3-form b B>g < is given by 

K,A<y 3 ) = -^r{ 5 -v;( 5 ) 3 -v;( 5 ) 3 -v;( ff ) - . 9 -v;( 3 ) 5 -v;( 5 ) ff -v;( 3 )}^,+ 

+ \tr{A-\>{A)A-\' ] {A)A-\' r (A) A^t'^A-^A^t'M)}^ (5.6.2) 

5.7. Lemma. Let E* = Ho7tia(E, A) be the dual module. We have 

(o E .,b B .) = (a E ,b E ) (5.7.1) 

Indeed, this follows from the easy identities 

ir{A t T J ((A t )- 1 )A t T J ((A t ) _1 )^ t ^((^ t ) -1 )} = -tr{A- 1 T r (A)A- 1 T j (A)A- 1 T i (A)} 

(5.7.2) 

and 

tr{AV i ((^)- 1 r,((B*)- 1 )B*} = tr^-^r^Zr 1 } (5.7.3) 

5.8. Let us pass to the global situation. Let X be a smooth variety over k 
and £ be a vector bundle over X. As in [Gil], we define the gerbe ®ae of chiral 
differential operators on AE over X. 

Its characteristic class c(TIae) will belong to the second hypercohomology H 2 (X; ^Jve^) 
(in obvious notations). Recall that we have a canonical imbedding of de Rham com- 
plexes 

n x ft A£ (5.8.1) 

In [Gil], 7.6 we have defined the " Atiyah-Chern-Simons" characteristic class c(E) e 
H 2 (X;n% 3) ); let us denote by c(E) AE its image in H 2 (X;n l ^ } ). 

The theorem below is an immediate consequence Theorem 5.6 and Lemma 5.7. 

5.9. Theorem. The class c(Sae) is equal to 

c(Vae) = c(Q x ) - c(E) = - c(E) (5.9.1) 

where Ox is the tangent bundle. 
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§6. Chiral de Rham complex 



6.1. Let us return to the local situation 3.1, 4.1. Let E be equal to the module 
of vector fields T. Given a base {fj} consisting of commuting vector fields, we get 
a frame g — {fj; <pi := fj} of (A, Let us call such frames natural. 

Let g,g' be two natural frames, with transition matrices as in 3.2. By definition, 
(A rs ) = (g rs ). Therefore the coefficients g ia ~< (3.2.2) are given by 

g **i = g^T q (g- la ^g^ = g^r^g-^g^ = 

= -r a {g iq )g- lq »g^ = -T a (g*) (6.1.1) 
where we have used (3.3.3). Consequently the function He (4.1.6) is given by 

h% - -rjrMn + \g lq rAg- l " P )9 P ''r q {g- l ^)g^ (6.1.2) 
The second summand is equal to 

= -\g tq r,{g^)r q (g^) = -\r,(g-^)g^r q {r) = ^^r^W) 

(6.1.3) 

We see that the first summand in (6.1.2) is equal to minus the first summand of 
(4.1.5), and second summand of (6.1.2) is equal to the second summand of (4.1.5). 
Thus 

=2T pTj {cf*) (6.1.4) 

If g, g', g" are natural frames of (A, T) then Theorem 5.6 says that ft fl)B ', B " = &g : g' = 
0. This means that 

the chiral superalgebroid Aat-,s does not depend, up to a canonical isomorphism, 
on the choice of the base {n}. In other words, we have a canonically defined chiral 
algebroid Aat- 

Passing to chiral envelopes, we get a canonically defined chiral (vertex) superal- 
gebra D\ h T of chiral differential operators on T. 

It follows that 

for each smooth variety X we have a canonically defined sheaf of chiral superal- 
gebras T^AQx ■ These Zariski sheaves form in fact a sheaf in the etale topology. 

The gluing functions for this sheaf are given explicitly by (6.1.4). 

6.2. Lemma. In the situation 4.1, consider the function He 

h% = + ^t^A-^A^t^A-^A^ (6.2.1) 
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The function h e* associated with the dual module E* is given by 

h%, = -Tj{9 ivv ) + \g iq r^A-^)A^T q {A-^ v )A^ (6.2.2) 

This follows from the identities 

trlniA^A- 1 } = -trlniA-^A} (6.2.3) 

and 

triniA^A^rjiA^A- 1 } = tr^dA-^AT^A-^A) (6.2.4) 
(cf. (5.7.2), (5.7.3)). 

6.3. Let E be the module of 1-forms £1 = ^/ fc ; its exterior algebra is the de 
Rham algebra of differential forms f2' = £l\/ k - Frames of the form g = (pi := Ui] 
will be called natural. 

If q,q' arc natural frames then formulas (6.1.2) and (6.1.3), together with the 
previous lemma, show that \i E = where ha, is given by (4.1.5). (Of course one 
easily checks this directly.) This explains the notation for h 1 ^). 

In other words, we arrive at an interesting conclusion. 

6.4. Theorem. The matrices h — (h^ ) defined in 4.1 are equal to if E = Q 
and frames g,g' are natural. 

6.4.1. Warning. The functions h s , s > are nonzero since they are not linear. 

6.5. On the other hand, Theorem 5.6 together Lemma 5.7 say that Oe and b# 
are for E — ft (for natural frames Q,q',q" of (A,SY)). This gives us a canonically 
defined chiral superalgebroid An . Its vertex envelope will be denoted Df£ and 
called the chiral algebra of differential operators on ST. 

This implies 

6.6. Theorem. For each smooth variety X the construction 6.2 - 6.5 gives a 
canonically defined sheaf of chiral superalgebras . These Zariski sheaves form 
a sheaf in the etale topology. 

6.7. The de Rham differential may be considered as an odd first order differential 
operator acting on Vl x (and commuting with itself). 

In coordinates, if g = {n; 4*i '■= ^i} is a natural frame of (A, ft), it is given by 

Q c e l = fan (6.7.1) 

(cl is for "classical"). Let us check the independence of (6.7.1) on the choice of a 
frame. Let g' = {f 2 ';o;-} be another natural frame, f[ = g^n; u>\ — g~ lpt ujp (cf. 
(3.2.4)). 

Using (3.2.1) we have 

Qt = = g- lpi Ma iq r q + g irs <f>sA} (6.7.2) 
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where 

g ipq = 9 ir T r (9 sp )g- lqs = g sr Tr(g ip )g- lqs = r q (g ip ) (6.7.3) 

(we have used (3.3.1)). So, 

Q c g l > = 4> p t p + g- lpi g irs 4 s A = Qg + g- lpi T s {g ir )ct> p( t> a i> r (6.7.4) 

Note that 

g- lpi T s (g ir ) = -Tsig- 1 ? 1 )^ 

which is symmetric under the permutation of p with s, due to (3.3.3); therefore the 
second summand in (6.7.4) is zero, i.e. Q g — Qcl B >. 

Thus, Q cl is a correctly defined odd clement of Dq, . It is obvious from (6.7.1) 
that [Q c \Q cl ] = 0. 

6.8. Let us investigate the chiral counterpart of Q cl . Let us define an odd 
element Q s (of conformal weight 1) of the vertex superalgebra Df£ := UAq - g by 

Qg = <f>i(-l)Ti (6.8.1) 

Let q' be another natural frame as in 6.7. Due to Theorem 6.4, the element Q g ' 
goes under the canonical isomorphism D$. g , = Df£. g to 

Q*> =^(-1)^ = ^-7(05,^) (6-8.2) 

cf. [Gil], (3.3.1). 

6.9. Lemma. We have (in Dq - g ) 

7(05, t[) = -ajtr^Cg)^ 1 )^} (6.9.1) 



6.10. Before the proof, let us write down useful formulas 

7(a</v, bri) = —Ti(a)(f) r db — Ti{b)d(acf) r ) (6.10.1) 

and 

^(aiprjb^sipp) = —5 rp ad{b(f) s ) + S sp bd(a(j> r ) (6.10.2) 

6.11. Proof of 6.9. We have 

li^r'i) = i(g- lqi <t> q ,g ip T P + g lsr <!>riPs) 

where 

l{g- lqi <t> q ,g ip r P ) = -r p (g- 1 n<f> q dg lp - r p (g i nd(g- lq ^ q ) (6.11.1) 

and 

7 (5~ l9 V 9 , g lsr ^s) = -g-^dig^^r) + g irr d(g- lc i l )^ q (6.11.2) 



17 



Since g %rr = T r (g tr ) : the second summands in (6.11.1) and (6.11.2) cancel out. On 
the other hand, the first term in (6.11.1) is equal to 

-r q (g- ln )r s (g^)u;^ r = -t^-^t^H^ = 

= g- lqa T r (g ab )g' lbl T s (g^)uo s 4>r = -r r (g ab )r s (g- lba M r = -T r {g ab )d(g- lba )4>r 
Therefore 

j(^t[) = -r r (g ab )d(g- lba )<f> r - g- lba d{T r (g ab )^ r } = -d{r r (g ab )g- lba ^ r } , 
QED. 

6.12. From (6.8.1) we have Q s — <piTi, and from 6.7 fyr- — <piTi. Therefore, 
(6.8.2) and Lemma 6.9 imply 

6.13. Theorem. We have 

Qo' =Q S + ditriMg^- 1 )^.} (6.13.1) 



6.14. Consider the field Q 3 (z) acting on the vertex algebra Dfp. Due to (6.13.1), 
its zeroth component Q g o does not depend on the choice of the frame g. Therefore 
we get a canonical operator Q acting on D$. 

Since it is a zeroth component of a field, it is a derivation of the vertex algebra, 
and it is obvious from the local definition (6.8.1) that [Q 0} Qo] = 0. 

Consequently, for each smooth variety X we get a canonical odd derivation Qox 
of the sheaf P^, such that [Qox, Qox] = 0. The pair CD$ , Qox) is the chiral de 
Rham complex from [MSV] . 

Our Theorem 6.13 is a version of op. cit., (4.1c). 

6.15. In the situation 6.4, consider an even element J 3 of conformal weight 1 of 
the algebra D$ , given by 

Jg = 4>i{-i)^i = <f>i4>i (6.15.1) 
After a change of frame as in loc. cit., we get an element 

J*' = = titi ~ liti^'i) (6-15.2) 

where we have again used Theorem 6.4. We have 

= g- lpi 4> P g iq ^ q = ^ P = J s 

(see (3.2.3)). On the other hand, by (3.4.3) 

7(#,$) = i(g- lpi ^g iq %) = s pq g- lpi dg iq = g- lpi dg ip = Hg-'dg) 

Thus 

■V = J 9- trig-'dg) (6.15.3) 
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6.16. Consider an odd element G g of conformal weight 2 given by 

G 3 = (6.16.1) 

In the frame g', 

G B ' = (5 i9 V g )(-i)(5- ls ^ s ) 

Note that ip q (j)a = for j > (everything happens in D), hence it follows from 
the commutativity formula (1.3.1) that 

a^ q = a ( _i)^g = V g (-i)a (6.16.2) 

Therefore by "associativity" (1.2.5) 

(a^,) ( _i)(6u; a ) = (^ ( _ 1) a) ( _ 1) (6w s ) = V g (-i)a(-i)6w 5 = V g (-i)(a&w s ) (6.16.3) 

Therefore 

G S ' - </V-i).g l V ls ^ s = - G g (6.16.6) 



6.17. Let us investigate the Virasoro element. Define an even element L g of 
conformal weight 2 by 

L g = L {b)g + L U)B (6.17.1) 

where 

L(b) B = (6.17.2) 

((b) is for "bosonic") and 

L U)s = Pi(-i)*l>i (6.17.3) 
((/) is for "fcrmionic"), cf. [MSV], (2.3a). 

6.18. Wc have 

(aw s )(_i)(&T p ) = uj s (_i){abT p + T p (a)db + T p (b)da) - duj s (^ 1 )bT p (a) (6.18.1) 
Indeed, it follows from "associativity" (1.2.5) that 

(aw a ) ( _ 1 )(6r p ) = (w s( _ 1) a) ( _ 1) (6r p ) = w s( _ 1) a ( _ 1) (6r p ) + w s( _ 2) a (0) (6t p ) + 

+a(-2)U s (o)(bT p ) 

Next, 

a(_i)(6r p ) = a6r p — j(a, br p ) = abr p + r p (a)db + r p (b)da 
(see [Gil] (3.3.1)); 

a {o)( bT p) = -br P (o)a = -br p (a) 
(see [Gil] (3.3.2)). Finally 

u s (o)(bT p ) = -(6t p )(o)W 5 + d{br p ,uj s } 
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where 

(6r p )( )Cj s = (br p )(u) s ) = (r p ,uj s )db = 5 ps db 

by (1.1.3), since 

T p {u a ) = 0, (6.18.2) 

and (br p ,uj s ) — b5 ps . This implies 

w s(0 )(6t p )=0 (6-18.3) 

Formula (6.18.1) follows. 

6.19. We have 

(aw s )(_i)(60 a ^ /3 ) = u! s (_i){ab<j> a ipi3 - 5 a/3 bda} (6.19.1) 
Indeed, by commutativity and "associativity" (1.2.5) 

(aw s )(_i)(6^ a V/3) = (w s( _i)a)(_i)(6^ a V/3) = w s (-i)a(_i) (&<?!><*#) 
On the other hand 

a^ib^aipp) = ab<j> a tpp - 7(0, b<f> a ipp) = ab<j> a tp p - d a/3 bda, 

see (3.4.2). This implies (6.19.1). 

6.20. We have 

^6)9' = L m + ^(-i)K(<T ls W p + g- lsl r fi (9 ia )^ a }- 

-^s { -2)9 lp T P ( 9 - lsl ) (6.20.1) 

Indeed, due to Theorem 6.4 

L (b)g , = {g- lsi u s )(-i ) {g ip T p + g iaf) cj ) ^ a } 
According to (6.18.1) 

(<T ls V s )(-i) (5 l %) = w.(-i) {g- Ul g lp r P + r p {g-^)dg^ + r p {g^)dg- ui }- 

-^(- 2 )3 4 %(.9" lsl ) 

By (6.18.2) 

(ff- 1 ^.)^!)^^) = (.9 _1Sl ^s)(-l) {Tf3(g ia )(f>f3lpa) = 

= ^(^{s-^GT)^ - ^T /3 ( 5 ia )%- l5< } 

The third term in the first expression cancels out the second term in the second 
one, and we get (6.20.1). 

6.21. We have 

(aPt,)(-i)(b^pu) = Prt-i)abip u (6.21.1) 
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Indeed, 

and by commutativity 

Pix(0)Hv = {Wv){P») - <9{(&V>l,)(i)/v} = 6 vll db - 6 vll db = 0, 

cf. (6.18.3). This implies (6.21.1). 

6.22. We have 

(a</> 7 Wj)(_i)(&Vi;) = ^(-i){afr0 7 '</v - 8 7lJ adb} + S ul Lu l (_ 2 )ab (6.22.1) 

Indeed, 

(a</> 7 a; i )(_i)(6^) = (w i (-i ) a0 7 ) ( _ 1) (6^) = w i( _ 1) (a</) 7 ) ( _ 1) 6^+^i(-2)(a07)(o) & ^ 
where 

(a(/) 7 )(_i)6'0 1/ = a0 7 fo/v — l{ a 4>ii bip v ) = ab^ipv — <5 7 „a<%, 
cf. (3.4.3), and 

(a0 7 )( O )6^ = (Wv)(a0 7 ) = abS ul 

6.23. We have 

= L (/) + wi(-i) {n(g- 1 ' 1 ' a )g av M v - Mg^dg^} + ^Mg^g^ 

(6.23.1) 

Indeed, 

L (/) 8 ' =Pa(-i)^ = {5- 1m Vm + ^(5- 17Q )^} ( _ 1) (5 q ^) 
By (6.21.1) 

and by (6.22.1) 

+^(- 2 )r i ( 5 - l7a )fl a7 

6.24. Comparing (6.20.1) and (6.23.1) we see easily that 

L g < = L (b)3 , + L {f)g , = 1(6), + L(/ )g = L B (6.24.1) 

Let us collect our computations of transformation rules. 

6.25. Theorem. Letg,$' be two natural frames of (A, fi) . Consider 4 elements 
of the vertex superalgebra D$. B given by 

Q B = &(-i)Ti (6.25.1) 
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( an odd element of conformal weight 1 ) 

J s = 4>n-i)^i (6-25.2) 
( an even element of conformal weight 1 ) 

G 3 = (6.25.3) 
( an odd element of conformal weight 2 ) and 

L s = u i( -i)n + Pi(-i)ipi (6.25.4) 

(an even element of conformal weight 2). 

After the canonical identification Df£ , — D$ these elements are transformed 
as follows 

Qa' =Q 3 + d{tr(g- 1 T r (g)) ( j> r } (6.25.5) 

J B ' = J s- Hg^dg) (6.25.6) 

G s , = G g (6.25.7) 

and 

Lg, = L g (6.25.8) 
This is a version of [MSV], Theorem 4.2. 

§7. Poincare-Birkhoff-Witt 



7.1 Let X be a smooth variety and be the sheaf discussed in the previous 
section, cf. Theorem 6.6. It is a sheaf of Z> -graded vertex algebras, so 

= ©„ eZ > Vft x . n (7.1.1) 

where Df£ denotes the component of conformal weight n. 

According to Theorem 6.25 (see (6.25.8)) we have a canonical global section L 
of Dfi .2- Let L(z) = L n z~ n ~ 2 be the corresponding field. 

7.1.1. Claim. A local section a G Vf^ belongs to . n if and only if L (a) = 
na. 

In a uniform notation L{z) — ^{n) z ~ n ~ X we have L = We shall check 
7.1.1 simultaneously with 

7.1.2. Claim. The operator L_i = L( ) coincides with the canonical derivation 
d of the vertex algebra V^. . 
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Both statements are local, so we may assume we are in the local situation 6.17. 
Note that the operator L( ) is a derivation with respect to the operation 

L (o)( x (-i)y) = (L(0)x)(-i)V + X(-i)L(o)y (7.1.2) 

Therefore it suffices to check 7.1.2 on the generators a,Ti,Wi,ipi, pi of the vertex 
algebroid An ;fl , which is done by a simple explicit computation. 

It follows from the associativity formula (1-2.4) that 

L(i)V(-i)Z = {L {1) y) { _ 1)Z + y^L^z + L {0) y {0) z - y w L {Q) z = 

= ( L (i)y)(-i) z + V(-i)L(i)Z (7.1.3) 

since 

£(0)2/(0)2 - y ( o)L(o)Z = d{y (Q) z) - y (0) dz = 

In other words, is a derivation of Therefore it suffices to check 7.1.1 on 
the generators of An ;B as above, which is straightforward. 

7.2. In the local situation 6.1, consider the local algebra D$ = UAn ;B - Let 
us introduce a Z-grading 

Dn h ., 5 = ® P ezD$l (7.2.1) 

to be called fermionic charge. For an element x G D q f? let us denote its fermionic 
charge (to be defined) by F(x) G Z. It is defined uniquely by the following condi- 
tions: 

(a) F(a) = F(n) = F(uj t ) = 0; - F( Pi ) = -F(^) = 1; 

(b) F(x { _ 1)y ) = F(x) + F(y). 

Due to the transformation formulas (3.2.1) - (3.2.5) this grading is obviously 
preserved under a change of frames. Therefore in the situation of 7.1 the sheaf 
T^n x S e ts a canonical Z-grading 

V& x = ® P ez <f (7.2.2) 

Note that parity is equal to fermionic charge modulo 2. 

Here is another way to define the grading (7.2.2). First notice a simple 

7.2.1. Lemma. Let A = (A, T, O, d, . . . ) be a vertex (super) algebroid. For 
every invertible element a G A the operator (a _1 9a)( ) acting on UA is trivial. 

Proof. Obviously this operator is trivial on A = UAo . Let x G UAi and r G T 
be its image under the canonical projection UAi — ► T. We have 

(a _1 9a)( )X = — x^a~ 1 da + d(x^a^ 1 da) = —r(a~ 1 da) + d(r, a~ 1 da) = 

= a- 2 T{a)da - a" 1 9T(a) + d(a _1 T(a)) = 0, 

so (a _1 9a)( ) is trivial on UA\. Therefore it is trivial on the whole algebra UA 
since (?)(o) is a derivation of the operation A 
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Applying this lemma to a = det(g) in the formula (6.25.6) we see that the 
component J 0;s of the field J s (z) = Jn-.^z^ 11 " 1 is preserved under the change of 
frames. Consequently it gives rise to a well defined endomorphism J of the sheaf 

7.2.2. Claim. A local section a e T>^ belongs to V^: p if and only if Jo (a) = 
pa. 

Indeed, the function F(a) defined by Jo (a) = F(a)a obviously satisfies the 
condtions (a) and (b) above. 

7.3. The two gradings (7.1.1) and (7.2.2) are compatible: if we denote 

3$,==^n< ff (7-3.1) 

then 

V c n h x = © ne z> ; P ez V^ n (7.3.2) 
For a fixed n, only a finite number of sheaves P^ p n are nonzero. 

If the ground ring k is a field of characteristic then the sheaves F> c <^: p . n and 
£>o^™~ p are in a certain sense dual to each other, see [MS]. 

7.4. Starting from this point we assume that k Z> Q. According to a (superver- 
sion of) the PBW theorem, [Gil], Theorem 9.18, the sheaf admits a canonical 
filtration such that the associated graded sheaf is canonically isomorphic to 

9r(T$ x ) = Symn x {{® n >i ®n x (n)) © (e n >i ^n x (n))} (7-4.1) 

Here ©n x (resp. fi^. ) denotes the tangent (resp. the cotangent) bundle of the 
supervariety (X,Ct' x ), and (?)(„) means that this bundle is put into the conformal 
weight n. 

The endomorphisms L and Jo respect the canonical filtration; hence we get a 
canonical finite filtration F. on each homogeneous component F>^' p n . The graded 

quotients FiT>^' p n / Fi + \T>^ l .' p n are locally free Oj^-niodulcs of finite rank (we shall 
see this in the course of computations below). This allows us to introduce the 
elements of the Grothendieck group K (X) of vector bundles 

P>& ■= E [ F ^ZJ F ^Zn\ e K(X) (7.4.2) 

i 

Here [E] in the right hand side denotes the class of a vector bundle E in K(X). 
Consider the generating function 

cl(V$ x )(y,q) := ]T [Vg^W € K (X)[y ^][[q]] (7.4.3) 

p.n 

7.5. For a vector bundle E over X and an indeterminate x we introduce the 
notations 

oo 

[S X E] = [Symh x E] G K(X)[[x]} (7.5.1) 

i=0 



2d 



and 

oo 

[A X E]=J2 W 0x E]eK{X)[x] (7.5.2) 

i=0 

The following fact was noticed in [BL] (cf. also [W]). 

7.6. Theorem (L. Borisov - A. Libgober) We have 

oo 

dCD$ x )(y,q) - [A^] • Y[{[S q „e x } ■ [S q ^ x ] ■ [A,- V 9 X ] ■ [A yq ^ x ]} (7.6.1) 

n=l 

7.7. Proof. Let us understand the bundles Qn x and Qq.^ a little bit more 
attentively. 

Let us consider the local situation 3.1, with E = CI, so that AE = O'. All our 
frames g will be natural. Let C Tq be the A-submodule with the base {V'i}- 
The coordinate change formula (3.2.3) shows that it is a well defined A-submodulc 
of T independent on the choice of a frame, canonically isomorphic to T. 

We set 

We denote by T T ^ the quotient fi' -module Tq /T^q-. Let T T C T T ji be the A- 
submodule generated by all r,. The formula (3.2.1) shows that T T is a well defined 
A-module canonically isomorphic to T, and we have 

T tQ . = O- ® A T T 

Returning to our variety X, we see that we get two vector bundles 6,/, and 9 T both 
isomorphic to @x and a canonical short exact sequence 

— e^o x — ©o x — 9 r o x — (7.7.1) 

with 

9v,n x = ^ x ®Ox ©v; e m x = Cl x ®o x ©r (7.7.2) 

Note that 8^, has fermionic charge —1 and T has fermionic charge 0. 

Dually, we have two vector bundles Clj, and fi* both isomorphic to 0^ and a 
canonical short exact sequence 

— ^in x — — ^ x — (7.7.3) 

with 

Kn x = n 'x ®o x n\; nl n - x - n x ® Dx ni (7.7.4) 
The bundles fi*, have fermionic charges 1, respectively. 
Note that if E is a vector bundle then 



Syma x (Q x ® 0x E) = Q x ®o x Sym 0x E 



(7.7.5) 
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Returning to PBW formula (7.4.1) we see that these remarks imply (7.6.1). A 

7.8. Starting from this point let us assume that k = C. Consider the formal 
power series 

oo 

6(y, q) = rV/2 - y- 1 ^ 8 ? n )(l - - iT V)} (7-8.1) 

It is nothing but the theta function 9\(h,z) as defined in [HC], II, 2, §10, formula 
(3), p. 204, with q = h 2 and y = z 2 . 

If / G GL{V) is an automorphism of a rf-dimcndional vector space V with 
eigenvalues Ai, . . . , Ad, we shall denote by 9/(y, q) the power series 

H=i 0(Xi,q) 

Let X be a proper smooth d-dimensional algebraic variety; let g : X — ► X be a 
simple automorphism, which means by definition that the graph r g C X x X is 
transversal to the diagonal. This implies that the set X 9 if its fixed points is finite. 

For each x G X 9 denote by g x the induced endomorphism of the cotangent space 
&x-x- AH eigenvalues of g x are distinct from 1. 

7.9. Theorem. Consider the power series 

T X:g (y,q) := y-*' 2 £ {-l) a+h Tr{g; H a (X; V$* n ))y b q n (7.9.1) 

We have 

7.10. Proof. Recall that according to the Atiyah-Bott holomorphic Lefschetz 
fixed point formula, if E is a g-equivariant vector bundle over X then 

see [AB], Theorem 4.12. Note that if (V, /) are as in 7.8 then 

d 

Tr(g; Sym x (V)) = JJ (1 A^)" 1 = Tr(.g; A^F))- 1 (7.10.2) 

i=l 

The proof of 7.6 shows that each sheaf 2?q^ p „ carries a canonical filtration whose 
quotients are vector bundles and the associated graded sheaf is given by the formula 
(7.6.1). Therefore we may apply the Lefschetz formula (7.10.1). 

Note that since in the expression (7.9.1) the fermionic charge a + b is taken into 
account, we should apply the Lefschetz formula to the element d(Vf£ )(—y, q). Due 
to (7.10.2) each fixed point x gives a contribution 

v - d/ 2 n r 1 - >w tt (_ - w - vvv) i _ . , ^ 



i=l ' n=l 
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where Xi are the eigenvalues of g x . This implies the theorem. A. 

The reader may wish to compare (7.9.2) with the explicit formulas for the trace of 
certain automorphisms of the Frcnkcl-Lcpowsky-Mcurman Monster vertex algebra, 
cf. [FLM] . 
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